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Mind your Ps and Qs:  
the Interrelation between Binary  

Orbital Periods P and Mass Ratios Q 
(Moe & Di Stefano 2016; M+D16; arXiv-1606.05347) 

f(M1 , P, q, e) ≠ f(M1) × f(P) × f(q) × f(e)  40

Fig. 36.— Top panel: Frequency flogP;q>0.3 (M1, P ) of companions with q > 0.3 per decade of orbital period. We display all our
measurements after correcting for incompleteness and selection e!ects, and we group the data into the same five primary mass / spectral
type intervals as displayed in Fig. 34. We fit analytic functions (dotted) to the observations. Solar-type binaries follow a log-normal period
distribution with a peak of flogP;q>0.3 ! 0.08 near logP (days) = 5 (a ! 50AU). For early-type primaries, the companion frequencies
flogP;q>0.3 ! 0.1 - 0.2 are substantially larger at short (logP ! 1) and intermediate (2 ! logP ! 4) orbital periods. For mid-B and early-B
primaries, the companion frequency peaks at log P ! 3.5 (a ! 10AU). For O-type stars, the orbital period distribution may be slightly
bimodal with peaks at short (logP ! 1) and intermediate (log P ! 3.5) periods. Bottom panel: Frequency flogP;q>0.1 of companions
with q > 0.1 per decade of orbital period. In this case, our model for flogP;q>0.1 is completely described by the analytic functions that fit
flogP;q>0.3 (top panel) and the mass-ratio distribution parameters Ftwin, ! largeq, and !smallq (see Fig. 34). Although we do not directly
fit flogP;q>0.1, our analytic function matches the data reasonably well.

This e!ect is so important at long orbital periods that,
although flogP;q>0.3 may be non-monotonic with respect
toM1 (see Eqn. 22 and right side of Fig. 36), flogP;q>0.1 is
monotonically increasing according to M1 for all orbital
periods.
Not all surveys we have examined in this study

are sensitive to binaries with q > 0.1, which is why
we have parameterized and measured the frequency
flogP;q>0.3 of companions with q > 0.3 (see Fig. 1
and §2). Nonetheless, some samples are complete to
q = 0.1 and so we can directly measure the companion
frequency flogP;q>0.1 down to q = 0.1. For solar-type
primaries, the companion frequency is flogP;q>0.1 =
(Nlargeq +Nsmallq)/Nprim, where Nprim = 404 and both
Nlargeq and Nsmallq are given in Table 11 for each decade
of orbital period across 0 < logP < 8. Based on the Sana

et al. (2012) SB sample containing Nprim = 71 O-type
primaries, we count Nlargeq = 17 companions with
q > 0.3 and Nsmallq = 4 companions with q = 0.1 - 0.3
across P = 2 - 20 days (see §3.5). This provides
flogP;q>0.1 = (Nlargeq + Nsmallq)/Nprim = (17+4)/71 =
0.30± 0.06. Similarly, for the combined SB sample
of Nprim = 81+109+83 = 273 B-type primaries, we
measure flogP;q>0.1 = (Nlargeq + Nsmallq)Cevol/Nprim =
(22+9)!1.2/273 = 0.14± 0.03 for logP = 0.8± 0.5.
Based on observations of EBs with early-B primaries
(see §4), we report in Moe & Di Stefano (2013) a
corrected binary frequency of flogP;q>0.1 = 0.22± 0.05
across P = 2 - 20 days. For the Nprim = 31 Cepheids
brighter than V < 8.0 mag that were extensively
monitored for radial velocity variations, Remage Evans
et al. (2015) find Ncomp = 9 companions with
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primaries, the companion frequency peaks at log P ! 3.5 (a ! 10AU). For O-type stars, the orbital period distribution may be slightly
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flogP;q>0.3 (top panel) and the mass-ratio distribution parameters Ftwin, ! largeq, and !smallq (see Fig. 34). Although we do not directly
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monotonically increasing according to M1 for all orbital
periods.
Not all surveys we have examined in this study

are sensitive to binaries with q > 0.1, which is why
we have parameterized and measured the frequency
flogP;q>0.3 of companions with q > 0.3 (see Fig. 1
and §2). Nonetheless, some samples are complete to
q = 0.1 and so we can directly measure the companion
frequency flogP;q>0.1 down to q = 0.1. For solar-type
primaries, the companion frequency is flogP;q>0.1 =
(Nlargeq +Nsmallq)/Nprim, where Nprim = 404 and both
Nlargeq and Nsmallq are given in Table 11 for each decade
of orbital period across 0 < logP < 8. Based on the Sana

et al. (2012) SB sample containing Nprim = 71 O-type
primaries, we count Nlargeq = 17 companions with
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across P = 2 - 20 days (see §3.5). This provides
flogP;q>0.1 = (Nlargeq + Nsmallq)/Nprim = (17+4)/71 =
0.30± 0.06. Similarly, for the combined SB sample
of Nprim = 81+109+83 = 273 B-type primaries, we
measure flogP;q>0.1 = (Nlargeq + Nsmallq)Cevol/Nprim =
(22+9)!1.2/273 = 0.14± 0.03 for logP = 0.8± 0.5.
Based on observations of EBs with early-B primaries
(see §4), we report in Moe & Di Stefano (2013) a
corrected binary frequency of flogP;q>0.1 = 0.22± 0.05
across P = 2 - 20 days. For the Nprim = 31 Cepheids
brighter than V < 8.0 mag that were extensively
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Fig. 37.— The mean frequency of companions with q > 0.3
(top) and q > 0.1 (bottom) per primary across orbital periods
0.2 < logP (days) < 8.0 as a function of primary mass M1.
We have colored the data points according to primary spectral
type as done in Figs. 34 and 36. The average solar-type star
has fmult;q>0.1 = 0.49± 0.04 companions with q > 0.1 (red),
while the average O-type star is born with fmult;q>0.1 = 2.1± 0.3
companions with q > 0.1 (magenta).

Kouwenhoven et al. (2007) show the total corrected
binary fraction approaches 100% for B-type stars. These
studies modeled all companions as binaries, and so they
limited their multiplicity frequency to unity. In reality,
some companions are in triples and/or higher-order
multiples, and so the total companion frequency can
be fmult;q>0.1 > 1 as we have measured for massive
primaries.
Abt et al. (1990) report the average mid-B star

(M1 ! 8M!) has 0.8 companions with M2 > 2M!
(q ! 0.25) and 1.9 companions with M2 > 1M!
(q ! 0.12). These statistics translate to fmult;q>0.3 ! 0.7
and fmult;q>0.1 ! 2.0, respectively. Although the Abt
et al. (1990) estimate of fmult;q>0.3 ! 0.7 is consistent
with our measurement of fmult;q>0.3 = 0.63± 0.09,
their total multiplicity frequency of fmult;q>0.1 ! 2.0 is
discrepant with our estimate of fmult;q>0.1 = 1.3± 0.2
at the 3.2! significance level. For mid-B binaries
with intermediate to long orbital periods, Abt et al.
(1990) measured the mass-ratio distribution across
q = 0.3 - 1.0 to be consistent with random pairings
drawn from a Salpeter IMF (!largeq = "2.35). Based
on their data and more recent observations, we have
confirmed this conclusion (see §9.1). However, Abt et al.
(1990) also assumed this slope could be extrapolated
down to q ! 0.1. More recent observations have
demonstrated that the power-law component of the
mass-ratio distribution flattens toward shallower slopes
!smallq > !largeq across smaller mass ratios q = 0.1 - 0.3,
especially for early-type binaries with intermediate
periods (see §9.1). For this reason, there are fewer

companions with small mass ratios q = 0.1 - 0.3 than that
predicted by Abt et al. (1990).
For early-B primaries with M1 ! 12M!, we

measure a slightly larger total companion frequency of
fmult;q>0.1 = 1.6± 0.2. Rizzuto et al. (2013) report
a corrected multiplicity fraction of fmult = 1.35± 0.25
based on a sample of B-type stars, the majority
of which are brighter mid-B and early-B primaries.
This measurement is consistent with and between
our mid-B (fmult;q>0.1 = 1.3± 0.2) and early-B
(fmult;q>0.1 = 1.6± 0.2) values.
For O-type primaries (#M1$ ! 28M!), we measure

a total multiplicity frequency of fmult;q>0.1 = 2.1± 0.3.
This demonstrates that the most massive stars are born
almost exclusively in binaries, triples, and quadruples.
Previous studies have also shown the mean multiplicity
frequency of O-type stars to be close to two (Preibisch
et al. 1999; Sana et al. 2014). We emphasize that
in the present study, we have clearly defined the
range of binary mass ratios q = 0.1 - 1.0 and orbital
periods 0.2 < logP < 8.0 that are incorporated
into our measurements of fmult;q>0.1. Hence, the
enhanced multiplicity frequency of O-type stars cannot
be explained by a larger dynamic range of mass
ratios available to more massive stars. For example,
while solar-type primaries with M1 = 1.0M! can
have stellar-mass companions with M2 > 0.08M! only
if q > 0.08, O-type primaries can have stellar-mass
companions down to q ! 0.003. By restricting our
analysis to companions with q > 0.1 for all spectral
types, we can make a more meaningful comparison. As
shown in the bottom panel of Fig. 37, the mean number
of companions with q > 0.1 per primary increases by a
factor of four from fmult;q>0.1 = 0.49± 0.04 for solar-type
primaries to fmult;q>0.1 = 2.1± 0.3 for O-type primaries.
Although we cannot fully di!erentiate between

companions in binaries versus those in triples and
higher-order multiples (see §2), we can still use
fmult;q>0.1(M1) to estimate the single Fn=0;q>0.1(M1),
binary Fn=1;q>0.1(M1), triple Fn=2;q>0.1(M1), and
quadruple Fn=3;q>0.1(M1) star fractions as a function
of primary mass. As defined in §2 and discussed
in §8.1, fmult;q>0.1(M1) includes only the companions
with q = Mcomp/M1 > 0.1 that directly orbit the
primary of mass M1. In a (Aa,Ab) -B hierarchical
triple configuration, both companions Ab and B would
contribute to fmult;q>0.1. Meanwhile, in a A - (Ba, Bb)
configuration, only the component Ba is included in
fmult;q>0.1 unless the secondary itself is comparable in
mass to the primary (see §8.1).
Most importantly, there is a large phase space

of A - (Ba, Bb) triple configurations that completely
elude detections, even for nearby solar-type primaries.
For example, suppose adaptive optics and/or long
baseline interferometry was utilized to detect an M-dwarf
companion (component B) at a separation of " = 0.1""

(a ! 2AU; logP ! 3) from a solar-type primary
(component A) that is d ! 20 pc away. Spectroscopic
radial velocity observations may reveal that the primary
has an additional closer companion (component Ab)
in a (Aa,Ab) - B triple configuration. However, we
cannot yet obtain spectroscopic radial velocities of the
M-dwarf companion that is only " = 0.1"" away from
a solar-type primary. If the M-dwarf itself has a

Solar-type primaries: Multiplicity Frequency = 0.48 ± 0.04; 
       ~60% single; ~30% binary; ~10% triple/quadruple 

O-type primaries: Multiplicity Frequency = 2.1 ± 0.3; 
            <10% single; ~20% binary; ~75% triple/quadruple 
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3 out of 2 stars are in binaries !?! 
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Close binary fraction (P = 2 - 6 days) vs. triple/quadruple fraction (M+D16) 

Solar-type primaries: 
(80-90)% of  

close binaries 
have outer tertiaries 

(Tokovinin+2006) 

1. Nearly directly  
    proportional 
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pre-MS phase is a third option to explain the correlated
component masses and larger excess twin fraction.
In any case, we emphasize the transition in the

mass-ratio distribution between short (a ! 0.3 AU)
and intermediate (a ! 50 AU) separations is more
pronounced for more massive systems (Fig. 34).
For early-type binaries, the excess twin fraction
vanishes beyond P > 20 days and the power-law
component dramatically decreases from !largeq ! "0.5
to !largeq ! "2.0. Meanwhile, for solar-type binaries, the
excess twin fraction decreases slightly from Ftwin ! 0.3 to
Ftwin = 0.1 and the power-law component !largeq ! "0.5
remains relatively constant. This intrinsic variation with
respect to primary mass may be due to the scaling
of the fragment mass ratio qfrag discussed above, but
may also be due to the longer formation timescales
associated with lower mass primaries. For example,
the average primordial disk lifetimes !disk = 3 Myr
of solar-type primaries (Mamajek 2009) is an order
of magnitude longer than the disk photoevaporation
timescales !disk ! 0.3 Myr measured in more massive
Herbig Be stars (Alonso-Albi et al. 2009). The longer
disk lifetimes of solar-type systems may allow a larger
fraction of companions to accrete relatively more mass
from the disk, possibly toward q ! 1. Similarly,
the pre-MS contraction timescales is significantly longer
for solar-type binaries, and so short-period solar-type
binaries are more likely to exchange material through
Roche-lobe overflow while on the pre-MS. This may
explain the correlation between the excess twin fraction
and primary mass at short orbital periods P < 10 days.
In summary, the processes of disk fragmentation,
accretion in the disk, and pre-MS mass transfer may
all contribute to the larger excess twin fraction and
higher degree of correlation between component masses
observed in solar-type binaries compared to early-type
binaries.
Although the correlation between binary component

masses demonstrate they coevolved as they migrated
toward shorter separations, they do not reveal precisely
how the companions migrated. It is possible that
companions naturally undergo orbital decay toward
smaller separations due to hydrodynamical forces
in the disk. It is also possible that the inner
binary requires an outer tertiary to evolve toward
shorter periods. After considering selection e!ects
and accounting for incompleteness, Tokovinin et al.
(2006) show that !(70 - 90)% of solar-type binaries
with periods P ! 2 - 6 days have outer tertiaries with
q = M3/M1 " 0.2. Meanwhile, only !30% of binaries
with P ! 10 - 30 days have such tertiary components.
Tokovinin et al. (2006) argue that close binaries form
predominantly through Kozai cycles in triples in which
the outer tertiary pumps the eccentricity of the inner
binary to large values. The inner binary is subsequently
tidally dissipated into a shorter orbit (Kiseleva et al.
1998). This scenario may also explain the origin of the
large eccentricities observed in young early-type close
binaries (§9.2).
We further investigate the correlation between

triples and close binaries as a function of primary
spectral type. Unfortunately, we cannot repeat the
Tokovinin et al. (2006) measurement for early-type
systems due to the observational selection e!ects and

Fig. 39.— The close companion fraction F0.3<logP<0.8;q>0.1
as a function of overall triple plus quadruple star fraction
Fn!2;q>0.1 colored according to primary spectral type. For
solar-type primaries (red), F0.3<logP<0.8;q>0.1 = (1.5± 0.6)%
have close companions with q > 0.1 and P ! 2 - 6 days, and
Fn!2;q>0.1 = (10± 2)% are in triple or quadruple systems.
Meanwhile, F0.3<logP<0.8;q>0.1 = (17±5)% of O-type stars have
very short-period companions and Fn!2;q>0.1 = (73± 16)% of
O-type stars have n " 2 companions with q > 0.1 (magenta). If
dynamical evolution in triple/quadruple systems is the dominant
formation mechanism of close binaries, then it must be a relatively
e!cient process. For every triple/quadruple system, (16 - 22)%
have inner binaries with short periods P = 2 - 6 days, irrespective
of primary mass (dotted line).

incompleteness. We instead compare in Fig. 39 the
fraction F0.3<logP<0.8;q>0.1 of primaries that have close
companions with P = 2 - 6 days and q > 0.1 to
the overall triple/quadruple star fraction Fn!2;q>0.1
= Fn=2;q>0.1 +Fn=3;q>0.1. Although we cannot
directly associate early-type close binaries with tertiary
companions on a system by system basis, the correlation
between F0.3<logP<0.8;q>0.1 and Fn!2;q>0.1 is intriguing
for three reasons.
First, F0.3<logP<0.8;q>0.1 is nearly directly proportional

to Fn!2;q>0.1. By fitting a linear relation to the four
data points in Fig. 39, we measure the y-intercept to
be F0.3<logP<0.8;q>0.1 = "0.005± 0.007, which is slightly
smaller than but consistent with zero. If a process other
than dynamical evolution in triples was the dominant
formation mechanism for producing close binaries, then
we would expect the y-intercept to be measurably greater
than zero, i.e., there would be close binaries even if there
were no triple/quadruple systems.
Second, the slope of the relation " =

F0.3<logP<0.8;q>0.1/Fn!2;q>0.1 = (19± 3)% provides
a direct constraint for the e"ciency of close binary
formation via triple-star dynamical evolution. If not all
close binaries have outer tertiaries, then the e"ciency
" would be correspondingly smaller. For solar-type
systems, where we know !70 - 90% of close binaries with
P = 2 - 6 days have outer tertiaries, then the e"ciency
must be " ! 15%. This is substantially larger than
that expected if the orbital periods of the inner and
outer companions in triples were uncorrelated. For
example, if we randomly select Pinner and Pouter from
the underlying period distribution flogP;q>0.1 with the
added constraint that Pouter " 10Pinner for long-term
dynamical stability, then only 6% of solar-type triples
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Ftriple/quadruple 

Fclose = 0.17 Ftriple/quadruple 

2. One in six triples 
    have Pinner = 2 - 6 days 

3. Independent of primary mass; 
    larger companion frequency at intermediate P   +   dynamics in triples                

      =    larger close binary fraction  



Discovered 18 MS + pre-MS EBs exhibiting reflection effects: 
M1 = 7 - 16 M,  M2 = 0.8 - 2.4 M,  and τ = 1 - 8 Myr. 

A New Class of Nascent Eclipsing Binaries (M+D15b) 

P = 3 - 8 days 
R1 = 4 - 5 R 
R2 = 2 - 4 R 

T1 = 20,000 - 30,000 K 
T2 =   4,000 -   7,000 K 

Narrow-band color image of  
Large Magellanic Cloud 

Observing run with high-resolution MIKE spectrograph  
on Magellan / Clay 6.5m in 2 days! 



Binary Star Evolution via Roche-lobe Overflow (RLOF) 

Frequency of 
companions with  
log P (days) < 3.7  

(a < 10 AU)  

 - Only 13% of solar-type primaries will interact via RLOF 
 - Essentially all O-type primaries will experience RLOF 
 - (5-20)% of O-type primaries are in compact triples with aouter < 10 AU 
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Fig. 40.— The frequency of companions with q > 0.1 and
0.2 < logP (days) < 3.7 per primary as a function of primary
mass M1. Only (13± 2)% of solar-type primaries (red) will
experience significant binary evolution via Roche-lobe overflow
(RLOF). Meanwhile, essentially all O-type primaries (magenta)
will undergo RLOF with companions q > 0.1. About (5 - 20)% of
O-type primaries are in compact triples in which the outer tertiary
has logP < 3.7 and may therefore significantly a!ect the evolution
of the inner binary.

may accelerate the merger of the two compact objects
and lead to the formation of a Type Ia supernova or
short gamma-ray burst (Thompson 2011). The evolution
of compact triples should be studied in more detail,
especially if they are relatively more common among
massive stars.
Sana et al. (2012) report that (71± 8)% of O-type stars

will interact with companions q > 0.1 via RLOF. Our
estimate of f0.2<logP<3.7;q>0.1 = 1.0± 0.2 is consistent
with this estimate but slightly larger for two reasons.
First, Sana et al. (2012) consider only binaries with
P < 1,500 days, i.e., logP < 3.2, to experience
significant binary evolution. This is primarily because
they measure the power-law slope ! = !0.4± 0.2 of
the eccentricity distribution to be weighted toward small
values. Although ! = !0.4 describes the eccentricity
distribution of short-period binaries with P < 20 days,
we find that massive binaries with intermediate periods
2 < logP < 4 are weighted toward larger eccentricities
(! " 0.8; Fig. 35). Early-type binaries with slightly
longer orbital periods logP " 3.2 - 3.7 undergo RLOF
at periastron given #e$ " 0.5. This e!ect increases
the fraction of O-type stars that will interact with a
companion by flogP;q>0.1"logP " 0.3% 0.5 = 0.15 (see
bottom panel of Fig. 36).
Second, while Sana et al. (2012) assume the

distributions of mass ratios and orbital periods are
independent, we find that early-type binaries with
intermediate periods are weighted toward smaller mass
ratios. There are more companions with q " 0.1 - 0.4
and logP " 2 - 3 to O-type stars than that predicted
by Sana et al. (2012). More recent observations
with long-baseline interferometry confirm an enhanced
companion frequency at intermediate periods logP = 3.5
(Rizzuto et al. 2013; Sana et al. 2014, see Fig. 36).
This second e!ect increases the fraction of O-type
primaries that will interact with a binary companion by
an additional "15%.

Because we find early-type binaries with intermediate
orbital periods are weighted toward larger eccentricities
and smaller mass ratios, the fraction of O-type stars that
will interact with a companion increases by "30%. We
still rea#rm the overall conclusion of Sana et al. (2012)
that massive stars are dominated by interactions with
binary companions. We simply find that the fraction
is even larger, closer to unity, if we account for the
variations between P , q, and e.
We next utilize the measured multiplicity statistics

to estimate the fraction Fevol of early-type primaries
that are actually the products of binary evolution.
The fraction Fevol not only includes close binaries that
merge or experience stable mass transfer, but also wide
companions in binaries in which the true primaries have
already evolved into compact remnants. Using a Monte
Carlo technique, we simulate a large population of single
and binary early-type stars (similar to our methods in
§8.3.2 for solar-type systems). We first select primaries
across 4M! < M1 < 40M! from a Salpeter IMF. Given
M1, we then determine the properties of the companions,
i.e., intrinsic frequency, period, and mass ratio, based on
our probability distributions f(P, q |M1) measured in §9.
Once we generate our initial population, we evolve

each binary according to the stellar evolutionary tracks
of Bertelli et al. (2008, 2009) and the following
assumptions regarding binary interactions. We assume
wide companions with logP > 3.7 experience negligible
mass accretion ("M2 " 0). The predicted evolutionary
pathways of closer binaries with logP < 3.7 depend not
only on their physical propertiesM1, M2, and P , but also
on the still uncertain prescriptions for the physics that
describes the interaction (Hurley et al. 2002; Belczynski
et al. 2008). For close binaries with logP < 3.7
which undergo RLOF, we assume for simplicity that
all systems either (1) survive common envelope (CE)
evolution with negligible mass transfer ("M2 " 0), (2)
undergo stable mass transfer (MT) with "40% e#ciency
("M2 " 0.4M1), or (3) merge ("M2 " M1). These
three scenarios encompass the full range of binary mass
transfer e#ciency 0 < "M2 < M1 (see below). For the
stable MT systems and mergers, we estimate visibility
times on the MS based on the rejuvenated properties
of the mass gainers. For the post-CE systems and
wide binaries, the secondaries are una!ected and evolve
according to their birth MS masses.
As a function of age " , we count the number Nprim

of true primaries with M1 = 8 - 12M! that are still
on the MS. We also keep track of the number Nevol of
evolved systems with MS secondaries M2 = 8 - 12M!.
This number includes both MS merger products and
MS secondaries in which the primaries have already
evolved into compact remnants. The fraction of apparent
primaries that are actually products of binary evolution
is Fevol = Nevol/(Nevol +Nprim).
In Fig. 41, we display Fevol(") as a function of age for

our three scenarios of close binary evolution. Systems
as young as " = 3 Myr are already contaminated by
products of binary evolution. This is because massive
primariesM1 " 30 - 40M! with short-period companions
P ! 5 days fill their Roche lobes within " ! 3 Myr. Some
high-mass X-ray binaries, such as Cyg X-1 for example,
are expected to be only " " 4 - 7 Myr old (Mirabel &
Rodrigues 2003).

M+D16 



Initial Conditions for Population Synthesis of Binary Star Evolution 

Type Ia supernovae:  
single degenerate & double degenerate 

(Moe et al., in prep.) 

f(M1 , P, q, e) ≠ f(M1) × f(P) × f(q) × f(e)  

 Density in certain pockets of this parameter space are up to  
50 times different than that assumed using canonical initial conditions! 

 Important implications for predicted rates and properties of: 

Compact object mergers & 
sources of gravitational waves 
detectable by advanced LIGO 

(Klencki, Belczynski,  
Moe et al., in prep.)  



Research with Summer 2016 Undergraduate Intern  

- Measured parameters of 2,100 early-type MS (M1 = 3 - 20 M) detached EBs in LMC 

M+K (in prep.) 

- Massive close binaries are born with e = (0.5 - 0.9) emax; dynamical formation process 

-  For P = 20 days, timescale to tidally evolve from e = 0.7 to e = 0.4 is ~104 times faster   
  than that predicted from linear theory of dynamical tides (K+M, in prep.) 

Aaron 
Kilgallon 



Tidal Evolution in Massive Binaries (K+M, in prep.) 

Aaron 
Kilgallon 

Most binary population synthesis studies assume tidal energy 
in massive binaries is dissipated solely through the 

n = 2 mode of dynamical oscillations 

At large e > 0.5, however, higher-order modes dominate 
and can lead to resonance locking 

Incorporating the observed  
EB sample and a MCMC method, 

Aaron fitted a general formula  
ė(M1, P, q, e, τ) 

to describe dynamical tides in 
massive binaries (K+M, in prep.) 
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Fig. 1.Hansen coefficients h(l+1),m
n with l = m = 2 for eccentricities

e = 0.2, 0.4, 0.6 and 0.8.

with n < 0 are negligible. In Fig. 1 we plot the Hansen coeffi-
cients form = 2 as a function of n for a few different values of
the eccentricity. It is apparent that as the eccentricity increases,
the number of contributing harmonics increases greatly, and
also that the magnitude of the largest coefficients (which en-
ters the expression for the torque quadratically) increases by a
significant factor due to the diminishing orbital separation at
periastron.

In our calculations we include n-values starting at n = 1
and going up to nmax = 2(m + l + 1)fper to ensure that the
companion’s potential is accurately reproduced. Form = 0 we
take clm

n to be the sum of the positive and negative n contri-
bution. Here, fper =

!

1+e
(1!e)3 is the ratio between the orbital

frequency in periastron !per and the mean orbital frequency !.

2.2. Orbital evolution by the tidal exchange
of energy and angular momentum

Situated in an eccentric orbit with its companion, the 10 M"

star is simultaneously forced at many harmonic frequencies
"̄n = n! ! m!s (in the stellar frame), the magnitude of
each term being proportional to clm

n . The harmonic components
with n < n0 = m int(!s/!) correspond to negative forcing
frequencies which means that the corresponding frequency in
the inertial frame is smaller than the stellar rotation frequency.
Hence in the stellar frame these components excite oscillations
which run backwards. Excitation of such retrogrademodes gives
rise to spin-down of the star, while excitation of progrademodes
(n > n0) has the opposite effect. This opens the possibility
of simultaneous tidal interaction with counteracting resonances
with prograde (spin-up) and retrograde (spin-down) oscillation
modes. By assuming the response of the star to the tidal forcing
can be approximated by a linear treatment the problem simpli-
fies considerably sincewemay apply the superposition principle
and decompose the stellar response into independent harmonic
components.We further assume the stellar response to each har-
monic has reached a steady state in which the tidal excitation
is balanced by radiative and viscous damping in the oscillating

star. These approximations may break down during resonance
passages although a steady state is usually a fairly good approx-
imation, see discussion in Sect. 5. The steady state assumption
allows us to calculate the stellar response as a strictly periodic
phenomenon, i.e. we are not forced to follow the stellar oscil-
lations on a dynamical timescale, which, at the current level
and for the duration required to study secular evolution, would
not be possible with present day computer facilities. The steady
state tidal torque can be determined by applying the implicit
2D code mentioned above whereby the periodic term can be
factored out. In Paper I we have shown that for each harmonic
(l, m, n) in the forcing potential the work done by the tide (per
time unit) on the star and the associated rate of change of spin
angular momentum Hs can be expressed as:

Ėlm
n = "nT lm

n and Ḣ lm
n = mT lm

n (3)

whereby the torque integral is defined as

T lm
n = !#clm

n

" Rs

0

" !

0
Im ($#(r, %))

Pm
l (cos %) rl+2 sin% d% dr (4)

where Im stands for imaginary part and Pm
l (cos %) is the asso-

ciated Legendre polynomial of indexm and degree l. In steady
state Ėlm

n equals the energy dissipation rate due to the nth har-
monic of the tidal (l, m) forcing. For a given forcing frequency
"n = n! (in the inertial frame) the tidal perturbation of the
stellar mass density $#(r, %) occurring in the above integral fol-
lows from the tidal response calculations in Paper I, see current
appendix. Conservation of energy and angular momentum then
implies that the rate of change of orbital energy and angular
momentum follows by adding up the stellar rates of change in
response to each harmonic term in the tidal potential and then
reversing the sign:

Ėorb = !
#

l,m

#

n

Ėlm
n and Ḣorb = !

#

l,m

#

n

Ḣ lm
n . (5)

By expressing the orbital eccentricity e in terms of the stellar
masses and theorbital energyEorb andangularmomentumHorb

(e.g. Landau & Lifshitz, 1959)

e =

$

1 +
2Mtot

G2M3
pM3

s

EorbH2
orb

with Mtot = Mp + Ms, we can express the rate of change of
the orbital eccentricity as

de2

dt
=

%

GMpMs

2a

&!1
'

(1 ! e2)Ėorb ! !
(

1 ! e2Ḣorb

)

(6)

We use this expression for the rate of change of the eccentricity
to prevent numerical roundoff errors from producing negative
eccentricities or generating eccentricity in a circular orbit. Fi-
nally, the rate of change of the semi-major axis follows from

1

a

da

dt
=

%

GMpMs

2a

&!1

Ėorb. (7)
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Fig. 6a–f. Orbital evolution of a very eccentric (e = 0.808) binary system with a 51.17 day orbital period. At t = 0 the star rotates super-
synchronously (!s/!per = 1.1), but by the continuous stellar expansion and resonant interaction with the (retrograde) r-modes the originally
super-synchronous star is spun down to! 0.8 times periastron frequency (dotted line panel c). Each time that one of the tidal harmonics n = 29
to n = 20 runs through the r-modes the orbital period and eccentricity increase. This corresponds to the repetitive bumps in panels a and b and
in deep repetitive spikes in panel d. After t ! 2Myr the prograde g-modes have shifted to lower frequencies (panel e) and become increasingly
more prominent, so that the orbital separation and eccentricity slowly begin to decay. a Orbital and stellar rotation period, b ratio of periastron
distance to stellar radius, c eccentricity and ratio of stellar rotation frequency to orbital frequency at periastron, d timescale for the change of
the size of the orbit, e and f schematic representation of the frequency distribution of forcing harmonics and stellar resonance frequencies at
t = 0 (panel e) and t = tmax (panel f).

outside the tidal window. The dominant harmonics lie between
9 < n < 43, all other harmonics have Hansen coefficients at
least 50%weaker. The r-modes all cluster around harmonic n =
29, near the Hansen-peak and are thus expected to be prominent
in the following tidal evolution. The prograde g-modes (n0 =
35) from g20 to g4 can be excited, although they cover the range

n > 62 and thus lie in theweakwing of theHansen curve, so that
the resonances will be weak. The zero point of ! depends, for
given m = 2, only weakly on k and corresponds to n = n! !
40. Because there is no stellarmodewhich can be excited by this
harmonic, we do not expect resonance locking to occur. Even
when the stellar spin rate is decreased to zero the harmonics

Numerical power spectrum 
for e = 0.8 

(Witte et al. 1999) 



Qasim 
Mahmood 

Research with 2016-17 Academic Year Undergraduate Intern  

By fitting detailed models to the observed light curves,  
Qasim is measuring the physical properties of ~400 Algol EBs in LMC 

Algols: slowly mass-transferring binaries  
that have already inverted their mass ratios Maccretor > Mdonor 

With large sample, we can empirically measure qcritical and β = ΔMaccretor/ΔMdonor  



90Prime Imager on Bok Telescope 
     1.2° x 1.2° FOV 
     Get M33 w/ one pointing 

VARSTAGA: VARiability Survey of the TriAngulum GAlaxy (recently proposed) 

Cadence 
     200 - 250 epochs 
     3 semesters (17A,17B,18A) 
     Hourly, daily, & weekly intervals 
Bands 
     85% in g 
       9% in i  
       3% each in u & r 
       Possibly J & K with UKIRT 

Exposures for “1 epoch” 
     10 dithered 6-minute exposures 
     Longer in ancillary bands 
     σ = 0.02 mag at g = 22 mag 
     5σ depth of g = 25 mag    

Estimated Yields (1.0” - 2.0” seeing) 
     ~2 million resolved stars 
     ~60,000 variables 



Primary Goal #1: B-type MS + Helium Star Eclipsing Binaries 

- Putative progenitors of Type Ib/c supernovae 
- Hot He stars (Teff ~ 50,000 - 120,000 K)  
  produce hard UV photons and may be a 
  major contributor to the epoch of reioniziation  

He star 

SN Ib/c 

- Only 1 probable candidate in Milky Way: 
  HD41566 (Groh et al. 2008): 
      P = 1.6 days 
      Nearly face-on orbit 
      MHe = 4 M; THe = 60,000 K; RHe = 0.9 R 
      MB  = 5 M; TB  = 16,000 K;   RB = 3.5 R 

Simulated light curve 
of HD41566 (if it were  

nearly edge-on & in M33)  
with proposed sensitivity 

& cadence of VARSTAGA 

Will identify 10 - 100 
B-type MS + He Star EBs 
in M33 with VARSTAGA 



Primary Goal #2: Detached EBs with two G-type giant/supergiant components 

Bolometric corrections & limb darkening coefficients  
of G-type stars known to <1% precision. 

VARSTAGA will find 10 - 20 such EBs with V < 21 mag in M33 
suitable for follow-up spectroscopic distance measurements. 

a ~ 1 AU 
(P = 100 - 200 days) 

By combining photometric light curves and spectroscopic radial 
velocity measurements of 8 yellow giant + giant detached EBs 

in the LMC, Pietrzynski et al. (2012) measured a  
geometrical distance to the LMC accurate to ~1.5%. 

VARSTAGA will also more fully characterize ~3,000 Cepheids in M33 
with ugriJK monitoring, allowing a measurement of Ho to < 2% precision. 



Primary Goal #3: FU Orionis Outburts 

FU Ori Systems: young T Tauri stars (τ < 2 Myr) 
    brighten by 4 - 6 mag in 6 - 12 months 
    take decades, possibly centuries, to return to quiescence 

Outbursts thought to be due to disk instabilities, BUT mechanism debated: 
   - recurrent thermal disk instabilities (Hartmann & Kenyon 1996) 
   - companion dynamically triggers disk instability (Reipurth & Apsin 2004)  

VARSTAGA will 
detect 10 – 20 outbursts 
(single star paradigm) 

or 1 – 2 outbursts 
(binary star paradigm) 



1) Binary Star Statistics 
     A) Diagnostics for Binary Star Formation 
     B) Initial Conditions for Binary Star Evolution 

2) Undergraduate Research 
    A) Tidal Evolution in Massive Binaries 
    B) Mass Transfer in Algol Binaries 

3) VARSTAGA – Variability Survey of M33 
    A) Helium Stars (SN Ib/c; reionization) 
    B) Distance to ~1.5% Precision 
    C) FU Orionis Outbursts 

Conclusions 


