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Gravitational lensing

Credit: NASA, ESA & L. Calçada

Galaxy images are distorted due to 
massive objects in the foreground


This is known as gravitational lensing 


We measure this effect across the sky, 
which is related to the distribution of 

matter in the Universe


We can use this to constrain the 
cosmological model



How do we do this?

We need to know the predicted signature for 
different theoretical models.  

This is where simulations come in


Using N-body simulations, we can run a 
variety of different cosmological models 


Then we can compare each lensing signal with 
our observations to see which one fits best

Springel et. al (2005)



How do we do this?

But …  
Typically, these are Newtonian N-body 
simulations, which means there is no 

interaction between matter and space-time

Springel et. al (2005)



How do we do this?

But …  
Typically, these are Newtonian N-body 
simulations, which means there is no 

interaction between matter and space-time

Springel et. al (2005)

Newtonian dynamics 
for the matter

Tµ⌫
<latexit sha1_base64="kQN6WhubXi8bDOus/tRQ26IC7kw=">AAAB8XicjVDJSgNBEK2JW4xb1KOXxiB4CjNR0GPAi8cI2TAzhJ5OT9Kku2foRQhDwI/w4kERr/6NN//GznJQUfBBweO9KqrqxRln2vj+h1dYWV1b3yhulra2d3b3yvsHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+Grmd+6o0iyVTTPJaCTwULKEEWycdNvs56GwobTTfrkSVP050N+kAks0+uX3cJASK6g0hGOte4GfmSjHyjDC6bQUWk0zTMZ4SHuOSiyojvL5xVN04pQBSlLlSho0V79O5FhoPRGx6xTYjPRPbyb+5vWsSS6jnMnMGirJYlFiOTIpmr2PBkxRYvjEEUwUc7ciMsIKE+NCKv0vhHatGpxVazfnlXrjfhFHEY7gGE4hgAuowzU0oAUEJDzAEzx72nv0XrzXRWvBW0Z4CN/gvX0CC3GRmw==</latexit>



How do we do this?

But …  
Typically, these are Newtonian N-body 
simulations, which means there is no 

interaction between matter and space-time

And GR for the homogeneous space-time

Springel et. al (2005)

Newtonian dynamics 
for the matter

Tµ⌫
<latexit sha1_base64="kQN6WhubXi8bDOus/tRQ26IC7kw=">AAAB8XicjVDJSgNBEK2JW4xb1KOXxiB4CjNR0GPAi8cI2TAzhJ5OT9Kku2foRQhDwI/w4kERr/6NN//GznJQUfBBweO9KqrqxRln2vj+h1dYWV1b3yhulra2d3b3yvsHbZ1aRWiLpDxV3RhrypmkLcMMp91MUSxiTjvx+Grmd+6o0iyVTTPJaCTwULKEEWycdNvs56GwobTTfrkSVP050N+kAks0+uX3cJASK6g0hGOte4GfmSjHyjDC6bQUWk0zTMZ4SHuOSiyojvL5xVN04pQBSlLlSho0V79O5FhoPRGx6xTYjPRPbyb+5vWsSS6jnMnMGirJYlFiOTIpmr2PBkxRYvjEEUwUc7ciMsIKE+NCKv0vhHatGpxVazfnlXrjfhFHEY7gGE4hgAuowzU0oAUEJDzAEzx72nv0XrzXRWvBW0Z4CN/gvX0CC3GRmw==</latexit>

Gµ⌫
<latexit sha1_base64="El9phWLkhPUICKZP6KBC79W6VoA=">AAAB8XicjVDJSgNBEK2JW4xb1KOXxiB4CjNR0GPAgx4jmAUzQ+jp9CRNunuGXoQwBPwILx4U8erfePNv7CwHFQUfFDzeq6KqXpxxpo3vf3iFpeWV1bXiemljc2t7p7y719KpVYQ2ScpT1YmxppxJ2jTMcNrJFMUi5rQdjy6mfvuOKs1SeWPGGY0EHkiWMIKNk24ve3kobCjtpFeuBFV/BvQ3qcACjV75PeynxAoqDeFY627gZybKsTKMcDophVbTDJMRHtCuoxILqqN8dvEEHTmlj5JUuZIGzdSvEzkWWo9F7DoFNkP905uKv3lda5LzKGcys4ZKMl+UWI5Miqbvoz5TlBg+dgQTxdytiAyxwsS4kEr/C6FVqwYn1dr1aaXeuJ/HUYQDOIRjCOAM6nAFDWgCAQkP8ATPnvYevRfvdd5a8BYR7sM3eG+f9zmRjg==</latexit>



How do we do this?

But …  
Typically, these are Newtonian N-body 
simulations, which means there is no 

interaction between matter and space-time

And GR for the homogeneous space-time
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Newtonian dynamics 
for the matter

The Newtonian gravitational potential is used 
to predict the general-relativistic lensing 

signal


This process uses many approximations 
for what’s really going on

Tµ⌫
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These approximations are justified: 
Einstein’s equations are very difficult 

to solve 

Especially for a highly complex, 
nonlinear matter distribution 

Our approx. have proven to be very 
useful, but, our standard model *does* 

have some issues 

It is worth considering if our 
approximations could be to blame
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These approximations are justified: 
Einstein’s equations are very difficult 

to solve 

Especially for a highly complex, 
nonlinear matter distribution 

Our approx. have proven to be very 
useful, but, our standard model *does* 

have some issues 

It is worth considering if our 
approximations could be to blame

Luckily… we have a way to remove 
all common physical approximations 

for GR in cosmology!



Giacomazzo et. al (2011)

Liska et. al (2018)

Abbott et. al (2016)

Macpherson et. al (2017-2019)
Macpherson & Heinesen (2021)
Heinesen & Macpherson (2022)

Mertens et. al (2016),

Giblin et. al (2016),

Tian et. al (2021)

Numerical relativity

Moesta et. al (2014)

Allows us to remove common 
simplifying assumptions 

about gravity and geometry 
by solving Einstein’s 
equations directly
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In N-body simulations, the left hand side is separated from the right hand side

Numerical relativity allows us to maintain communication between the left and right 
hand sides, thus achieve nonlinearity of both matter and space-time

James Mertens

Macpherson et. al (2019)



James Mertens

Now we can study the true paths of light rays in a realistic, inhomogeneous space-time
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See Macpherson (2023) for details

Now we can study the true paths of light rays in a realistic, inhomogeneous space-time

Using the geodesic equation

James Mertens



Gravitational lensing

Fleury 2015 (PhD thesis)

There are several impacts of weak 
lensing on the images we observe


One of them is the convergence, 
which is essentially a magnification of 

sources w.r.t their true distance



See Macpherson (2023) for details



Lensing convergence at redshift z = 0.5 in a numerical relativity simulation

Macpherson (2024; in prep)



We want to compare this lensing map in 
full GR (top) to some kind of commonly-

used approximation 

It is very common to use an integral of the 
density field in the simulation along the 
line of sight. This gives the lower map.  

They look very similar by eye, but there is 
a *small* difference in the power spectra

Macpherson (2024; in prep)



Numerical relativity simulations of large-scale structure formation give us 
a cosmic web as well as all of the information about the underlying 
geometry 

We can use these simulations to stress test the founding assumptions 
of standard cosmology 

We can also use them to study general relativistic observables 
in an assumption-free framework 

We are working on comparing the weak lensing convergence signal in 
an NR simulation to a widely-used approximation


While there is a small difference - I am currently doing thorough tests to 
see if this result is robust


Stay tuned! 



Extra stuff



Raytracing in full GR

✓ Trace the path of geodesics 
through the simulation 
 
 

✓ Calculate the energy of the 
photon as seen by a co-moving 
observer 
 
 

✓ Calculate the observed redshift 



det(EDA

B
) =

AS

⌦O

⌘ D2
A
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Optical tidal matrix

DL = DA(1 + z)2
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✓ Define an infinitesimal beam of light rays, track 
their separation along geodesic 
(skipping a lot…) 

 

✓ Evolve Jacobi matrix equation along the geodesic  
Jacobi matrix relates physical attributes of source to how its observed 
 
 

✓ Its determinant is the angular diameter distance 

Fleury (2015)



We can calculate the angular diameter 
distance and redshift along a geodesic 
from the simulation 

Fluctuations in these quantities are 
caused by the total convergence:

(within PT with scalar only contributions)

Gravitational lensing - should dominate at z > 0.5 or so 

Doppler lensing 

(my observers are co-moving with fluid, shouldn’t be contributing) 

Sachs-Wolfe

Integrated Sachs-Wolfe

(Second term is zero for EdS)

Approximations here:

1. Poisson eq

2. Sub-horizon implies derivatives of phi are small

Bacon+ (2014)

 =
DA � D̄A

D̄A
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In general, we can get this total convergence 
as fluctuations in dA from our ray tracing:

(e.g. Fleury 2015)
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In general, we can get this total convergence 
as fluctuations in dA from our ray tracing:

(e.g. Fleury 2015)

We have the density field along each line of sight 

Use this along with the “background” quantities 
consistent with large-scale averages of the simulation 
(EdS to within <1%)


